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Lectures so Far

e History of the pursuit and study of intelligence.

® |earning and sampling via analytic methods, denoising,
and/or compression.

® QObjectives for representation learning: information gain.

® Novel white-box deep neural networks via optimization.

This lecture: inference!

Principled solutions for “downstream” tasks (prediction,
completion, generation, etc.) using deep networks.




What is Inference?
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Model problem: Three main tasks:
e x: statistical/geometric ® Find arg max,, Paly (¥ | V)
low-dim. structure
® w: noise, sparse errors, * Sample from pgy (- | )

missing values, etc.



Examples of Inference
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Examples: Regression, classification, denoising, completion
(incl. next-token prediction), error correction, sampling, etc.



Inference From a Bayesian Perspective

The posterior p,, is centrally important!

pw|y(,¢ |v) = p'y\m(V | V)P (1) py|$(y | ¥)pe (1)

pe®) Ly Pyaw [ 9)pa(®) Ay
® Pyl how well do we know (h, w)?

® p,: how well do we know x?



MAP Estimation

Maximum a posteriori (MAP) estimation:
arg;naxm‘y(i/i | v)
= arg maxlogpayy (¥ v)

= argJ}naX {logpy\m(l/ | ) + 10gpa:(¢)}

Compute MAP estimate via (e.g.) gradient ascent:

Y < P+ K[V logpyje (v | ) + Vi log pz ()]




Geometric Interpretations

Assume disturbance w is small (w.h.p.).

e Suppose x has (approx.) low-dimensional support S.

e Let F(v) := min{||yp — ¢'||2: ¢’ € S} be “distance to S".

A natural approach: Given y = v, try to recover x as:

mgX{—;Hh(w) - ur\%} st F)=0




Interpreting Augmented Lagrange Multipliers

Augmented Lagrange multiplier method:
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Two interpretations:

* MAP estimation with:

P (1)) ocexp{—” Fy) -2

A
2

® Constrained energy minimization of quadratic forms.



Three Settings for Inference

* We know the distribution p,; we know the observation
model py |-

® E.g., low-rank matrix completion.

e We have samples x from the distribution p,; we know the
observation model p,, .

e E.g., MAE, BERT, GPT.

® We have paired samples (x, y) from the distribution
Pzyy = Pz " Py|z-
e E.g., classification, text-conditioned image generation.



Vignette 1: Known Prior, Known Observation Model
Problem: completion.

e Observation model: y = Pq(x)
® ) C [n]is a set of indices.

® Po(x) sets to 0 all entries of « indexed outside Q.

¢ Goal: Given y, recover .

Classical example: low-rank matrix completion.

® Prior: € R™*" has rank r < min(m,n).

[Lia+12] 10



Solving Low-Rank Matrix Completion

A natural idea: Given y, find the lowest rank matrix agreeing
with ¢ on the observed entries.

minrank(z) st Po(x)=1y.

Problem: Rank is non-convex and optimizing it is NP-hard.

Solution: Use a convex relaxation of the rank, the nuclear norm
(sum of singular values). This is a convex envelope of the rank.!

min ||z|[« st Pal(x)=y.
T

Solve the associated Lagrangian minimization:

min {||z[|. + | Pa(z) - yl3}

tWithin the unit ball of the operator-norm unit ball.
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Extensions to Low-Rank Matrix Completion
Low-rank plus sparse model for images:

y=_h () + w

distortion sparse
corruption/occlusion

[Lia+12]

Known prior + known observation model
— bespoke efficient (non-deep) algorithms!

12



Vignette 2: Samples from Prior, Known Observation Model

Same setup, except we only have finite samples {z1, ..., x,}.

Question: How to obtain E[x | y = v|, compute
arg max,, Py (¥ | v), or sample from p,,?

Train a (deep) model to complete x! ]

Natural examples:
e For image completion: Masked Auto-Encoder (MAE)

® For text completion: Bidirectional Encoder
Representations from Transformers (BERT)

® In the special case where the last text token is corrupted:
Generative Pre-Trained Transformers (GPT)

13



Masked Auto-Encoder

Train transformer encoder f and “decoder” g to jointly
reconstruct « from Pq(x).
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Results of MAE

Can it compute E[x | y]? Yes!

ViT-MAE  CRATE-MAE  Original

Masked

Masked ViT-MAE  CRATE-MAE  Original
¥ O .

[Pai+23]

E[x | y] = “average of all possible x resulting in corrupted y”
= not necessarily a natural image!

How to sample from p,,, or compute arg max,, py|,, (¢ | v)?
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Diffusion Inspired Methodology

Diffusion-like methodology: learn to denoise as best as possible.
y=Ax, wx=x+1tg, tcl0,T]

with g ~ N (0, I), and A measurement operator.

7

Theorem ([Dar+23] Theorem 1): A denoiser * where

x*(t,-,-) cargmin E ||Az(t, Az, A) — y||%

;i;(t7.7.) T, xrt,Yy
must satisfy

Ax*(t,Axy, A) = Al[x | Axy, A

Note: If A full (column) rank, then E[x | Az, A] = E[z | x¢].

Upshot: Can (approx.) denoise up to measurement consistency.
16



Denoising With Partial Observations

Regular denoising process w/ learned denoiser:

ﬁjt[ = 5@&3@71 + (1 - 6€)j*(t€—17 Ait@,17A)

Observations y [Dar+23] Samples & ~ pg|y

Ambient diffusion ([Dar+23]) can sample natural images
which are consistent with partial measurements!
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Nonlinear Measurements?

Back to the model y = h(x) + w. Want to find E[z | y = v] or
arg max,, Py (¥ | v) or sample from py, (- | v).

* Why not train separate denoisers for each instance of y by
using many noisy samples x} corresponding to y = v?

* Answer: Prohibitively sample-inefficient, and unnecessary!
pat () = [ pagiar: 1) pa () d
— [ Do 190 papy a6 [ ) 0
— [ paval | )
= Paify(- | V)
= by Tweedie, E[z” |z} = €| =Lz |z =&,y =v].
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Learning with a Nonlinear Measurement Operator
Now how to compute E[z | x; = £,y = v]? Tweedie:

Elw | @ =&y =v]=£+1*Velogpyg, (€| v)
Bayes:

Velogpg,y(§ | v) = Velogpz, (§) + Ve logpyjz, (v | €)

score measurement

Combining them:
x|z =& y=v]=LEx |z =§ +t2V£ logpy‘mt(u | €)

Highly interpretable: Unconditional denoiser + measurement
consistency correction!

Now: How to find the term Vlogpys,?
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Finding the Posterior via DPS

Since y and x; are conditionally independent given x:

Dyias (v | €) = / Dyl | )Paje, (0 | €) dep

When t is small, p,,, ~ a Dirac delta around E[z | x;]. Hence

py|wt<y ‘ 5) mpykc(y | [E[m ‘ Ty = E])a
VS logpmwt(v | 5) ~ V{ Ingyp;(V | [E[w | Ty = E])?

Elz |z =& y=v]|=Ez |z =& +t°Vioge pyo (v | Elx | 2, = €]).

Note: by assumption we know p,,.(v | ).

This is the DPS approximation ([Chu+22]). ]
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Validity of DPS Approximation

£.100 = 1.000 £.50 = 0.500 .0 =0.000
T

20 -15

DPS only works with large observation noise!
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Summary of Vignette 2
Given samples of « and a known model y = h(x) + w, we can:
® Learn the unconditional denoiser E[x | x];

¢ Estimate the conditional denoiser E[x | ;, y] w/ DPS;
which enables:

e Conditional estimation E[z | y = v| (also w/ MAE, etc.);
* Conditional sampling from p,, (- | v);

® MAP estimation arg max,, pz|, (¢ | V).
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Vignette 3: Paired Samples of Data and Observations

Model: y = h(x) + w. Both the prior p,, and observation model
Pyla @re unknown; instead have paired samples {(z;, yi) 1Y,

First example: classification. y = label, x = data.

v 4t |

[PHD20]

y is a very compressed encoding of x! ]
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Classification

e x — z (features) and x — y (labels) are both compressive
mappings, the latter more than the former.

® = captures the low-dim. structures in x, which y depends
on. Hence p, , is very structured/low-dim.

® Thus, plausible to learn a composite mapping « — z — y.

® Such mappings are built from compressive/denoising
operators = learn a mapping (x, z.s) — (2, 2Zas) — Y-

Motivates the class token in transformer classification.

Usually, deep classifiers use z to predict p,|,, instead of just y.
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Classification in Transformers

Vision Transformer (ViT) Transformer Encoder

Lx °

Multi-Head
Attention

Transformer Encoder
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Embedded
Patches

[Dos+20]
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Example 2: Class-Conditioned Image Generation

Setting: we have image-class pairs {(z;, y;)}, and want to
sample from py, (- | v).

Naive Idea: Recall the starting point for conditional sampling:

Ele |2 =& y=v]=E[x |z =& +t*Velogpys, (v | €).

Train a denoiser xy, to estimate E[x | ;] and a classifier
hg,: (t,x;) — [0,1]%, problem solved?

No! Two issues:

e Classifier is too uncertain for moderate/large t

e Wasteful to train and use two models?

26



Classifier Guidance

Initial issue: Classifier hg_ is often very uncertain and its
gradient is often too small to give good guidance.

Initial fix: Multiply the gradient by v > 1.

Classifier Guidance Denoiser ([DN21]):

TGO (t, &, v) = ®g, (t,€) + 12 Ve(log h, (t, €), V)

If all denoisers are perfectly learned:
Ol g v) = (1 =) Bl | & = &)+ Elw |2 = &y = 1.

No longer (approximating) a conditional expectation!

27



Classifier-Free Guidance

Secondary issue: Too wasteful, and empirically worse, to train
two denoisers.

Solution: Use the same denoiser network &, to estimate both
conditional expectations.

¢ Introduce a new pseudo-label () which means “no class”.

e Let M(v) mask v to () with some prob. (= 0.2), and train:

Lora(0) =Ew(t) E |z —zo(t, 2, M(y))l2

x,x,y, M

Classifier-Free Guidance Denoiser ([HS22])

2576 (1, €,v) = (1 — ) @g(t, €, 0) +1Eg(t, &, V).

28



Classifier-Free Guidance Examples

ﬁﬁ. .a-
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Text-Conditioned Generation

What if instead of labels, we had text prompts y?

Goal: Still to sample from p,,.

Solution: Encode y into features, and train a denoiser for CFG.

Inference

30



Summary

Discussed inference in three representative scenarios:
e Know both the prior and observation model;

® Have samples from the prior (data) and know the
observation model;

® Have paired samples of data and observations.

Lots of relevant topics in our book that couldn’t fit:
e Cross-attention and architectural choices

® Principles for inference when we only have observations;

® Principles for distributed inference, etc.
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